STRENGTH OF CONVERGENCE IN NON-FREE TRANSFORMATION 

GROUPS 



ROBERT ARCHBOLD AND ASTRID AN HUEF 

Abstract. Let {G,X) be a transformation group where the group G does not necessarily 
act freely on the space X. We investigate the extent to which the action of G may fail to be 
proper. Stability subgroups are used to define new notions of strength of convergence in the 
orbit space and of measure accumulation along orbits. By using the representation theory of 
the associated crossed product C*-algebra, we show that these notions are equivalent under 
certain conditions. 



1. Introduction 

Let {G,X) be a second-countable, locally compact, Hausdorff transformation group, so 
that the group G acts continuously on the space X. Thinking of the group action as time 
evolution on a state space, an action is proper if states move far away from their original 
position over long periods of time. We showed in [3] that the failure of properness in a free 
action of G on X can be counted by two methods, one topological and the other measure- 
theoretic, and that they give the same answer. The topological method is based on the 
notion of strength of convergence from [21 Definition 2.2] and is motivated by the behaviour 
of sequences in the dual of a nilpotent Lie group [17] and by several previous considerations 
of the failure of properness [TU [161 HH |23] . For example, a sequence (x„)„ in X converges 2- 
times in the orbit space to z in X if there are two sequences (tn and (ti^^)n in G such that 
{tn^ ■ Xn)n and (tl?'* ■ Xn)n both couverge to x, and tn\tn'^)~^ oo. The measure-theoretic 
method involves the accumulation of Haar measure as in [16j. These methods are linked via 
the representation theory of the crossed product C*-algebra Go{X) xi G, and in particular 
via the lower relative multiplicity number Ml{tt, (vr„)) associated to a particular convergent 
sequence 7r„ — )■ vr in the spectrum of Go{X) x G. 

There are two natural ways to generalise these results. First, we can replace X by a 
'non- commutative space', that is, replace Gq{X) by a non-commutative C*-algebra A on 
which G acts by automorphisms; we investigated this in [1] under the assumption that the 
induced action of G on the primitive ideal space of A is free. Second, we can retain the 
transformation group [G, X) and relax the assumption that the action of G on X should be 
free. In this paper we focus on non-free actions of G on X. 
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When the action is not free, the technical difficuhies of working with induced representa- 
tions of the crossed product Co(X) x G increase substantially [H [IHl [151 EOl [221 ES] • For 
this reason, and because we want to make use of the dual action on Cq{X) xi G, we assume 
that the group G is abelian in §§lHni 

In ^we discuss our set-up which involves careful choices of measures on the subgroups and 
quotients of G. In ^we define fc-times convergence in the presence of stability subgroups and 
show that measure accumulation gives rise to sequences which converge fc-times. In ^we 
introduce induced representations of the crossed product Co(X) xi G. We consider a sequence 
of induced representations (vr„)„ converging to an induced representation vr, and establish 
sufficient conditions involving fc-times convergence which ensure that M/^(7r, (tt^)) is bounded 
below. In §51 we establish upper bounds on Ml{tt, (7r„)) arising from bounds on measure 
accumulation. In ^we combine our results to obtain our main theorem (Theorem l6.ip which 
shows that, under certain conditions, strength of convergence and measure accumulation in 
the transformation group {G,X) are equivalent, being linked by the representation theory 
of Co(X) X G. 

Preliminaries. Let A be a C*-algebra, A its spectrum and vr G A an irreducible representa- 
tion. Upper and lower multiplicities Mu{7r) and Ml{tt), and upper and lower multiplicities 
Mu{ti, (tt^)) and Ml{tt, (vr„)) relative to a net (7r„) in A were first defined in [T] and [l], 
respectively. We refer the reader to ^ §2] for a convenient summary of what is needed here. 
We set P = N \ {0}. 

2. The set-up : Choices of measures on the subgroups of G 

Let G be a locally compact group with left Haar measure /z. Let E be the family of 
all closed subgroups of G. We endow S with the Fell topology from [11]. A basis for this 
topology is the family of sets 

U{C, F) = {i7 G S : C n if = and if n A 7^ for each A G F}, 

where C is a compact subset of G and F a finite family of non-empty open subsets of G. 
Then S is a compact Hausdorff space by [HI Theorem 1 and Remark IV] . We will frequently 
use that Hx — )■ -ff in E if and only if 

(1) ii h & H then there exist a subnet {Hx(^)) and G -f^A(^) such that — )■ h, and 

(2) if hx G Hx and hx ^ h then h e H 

(see, for example, [211 Lemma H2]). 

Fix a function /o G Cc{G) with /o(e) = 1 and < / < 1. For each if G S we choose the 
left Haar measure an on H satisfying 

/ fo{t)daH{t) = 1. 

Such a choice of measures is called a continuous choice of Haar measures on the closed 
subgroups of G, and has the property that 

H^ [ fit) danit) 
Jh 

is a continuous function on S for any / G Gc{G) (see [131 p. 908] or [211 Lemma H.8]). We 
write Ah for the modular function associated with the measure an- 
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Now let {G,X) be a transformation group. The stability subgroup at x E X is '■= {s G 
G : s-x = x}. We write for as^, qx '■ G ^ G/ for the quotient map, and s = sS^ = Qxis) 
for s G G. We also define 0a; : G — )■ X by = s ■ x. 

If if is a normal subgroup of G then there exists a unique right-invariant Haar measure 
uh on G / H such that for all / G Gc{G), 

[ fis) dfiis) = [ [ fist) danit) dunis) (2.1) 
Jg Jg/h j h 

(see, for example, ^21| Appendix C]). \i H = then we write for ps^- We claim that it 
follows that if xe is the characteristic function of a measurable subset E of G, then 

I XE{s)f{s) dfxis) = [ [ XE{st)f{st) danit) dunis). (2.2) 
Jg Jg/h J h 

Indeed, since supp / is compact, we may assume that E has finite measure so that by 
Lusin's Theorem xe is the pointwise limit (almost everywhere) of a sequence of continuous 
functions : G — )■ [0, 1]. Then the claim follows by repeated applications of the Dominated 
Convergence Theorem. 

Typically we will be interested in sequences {xn)n in X such that S^^ — ?■ for some 
2; G X as n — 7- oo, and that S^^ and 5*^ are normal in G; we then assume that the quotient 
measures v^^ and Vz have been chosen to satisfy (12. ip . When x„ — ?■ 2; in X, the assumption 
that Sx^ — Sz is, of course, weaker than the assumption that the stability subgroups vary 
continuously over the whole space X. 

3. fc-TIMES CONVERGENCE WITH STABILITY 

The following definition of /c-times convergence immediately reduces to the one used in 
[21 [3| when the action of G on X is free. 

Definition 3.1. Let (G, X) be a transformation group. A sequence {xn)n>i in X is said to 

converge k-times in X/G to z E X if there exist k sequences (tn'')n, {tn'')n, ■ ■ ■ , {t'n^)n in G 
such that 

(1) ti*'' ■ x„ — J- z as n — 7- 00 for 1 < i < k, and 

(2) if 1 < i < j < A; then tn\tn^)~'^Sx„ — 00 as n — )• 00 (that is, for every compact 
subset K of G, tn\tn^)~'^Sx„ is eventually disjoint from K). 

As in the free case, /c-times converging sequences in X/ G arise from measure accumulation. 
We show this in Proposition 13.51 below, and the next three lemmas lead towards this. In 
order to describe measure accumulation for a point 2; G X, we require that z has a base of 
neighbourhoods V such that (lz{4'z^ i^)) finite Haar measure in G/Sz, and by Lemma 13^ 
this is equivalent to the orbit G-z being locally closed in X. Lemmas 13 . 31 and l3 . 41 are technical 
ones addressing the following issue: if is a compact neighbourhood of G and Sx„ — )■ 5*2 in 
S, then we want to compare the measures J^xn{<lx„{WSx„)) and i^ziQziWSz)) for large n. But 
even though WSx„ — )■ WSz in the Fell topology on the closed subsets of X, it is conceivable 
that XwSa:„ niay not converge pointwise almost everywhere to Xws^- 

Lemma 3.2. Let (G, X) be a second- countable transformation group. Let z G X and suppose 
that the stability subgroup Sz is normal in G. Then the following are equivalent: 

(1) the orbit G ■ z is not locally closed in X; 
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(2) for every k the sequence z,z,z, . . . converges k-times in X/G to z; 

(3) for every open neighbourhood V of z, i^z{<lz{<Pz^(^))) — '^j 

(4) for every open neighbourhood V of z, ^(V^)) is not relatively compact in G/Sz- 

Proof. Let (Ki)„>i be a decreasing sequence of basic open neighbourhoods of z in X and let 
{Kn)n>i be an increasing sequence of compact subsets of G such that G = U„>i Int(-ft'„). 

dl]) =^ dZ])- Suppose that G ■ z is not locally closed. Then W n{G ■ z\G ■ z) 7^ for every 
neighbourhood W of z. Let A; > 1. We will construct the required k sequences (tn'')n>i in G 
by induction. 

Let n G P. We construct tn^ as follows. Let tn^ = e. Since G ■ z is not locally closed 
there exists y G Vn H {G ■ z \ G ■ z). Since y is in the closure of G ■ z and is open, a 
straightforward compactness argument shows that given any compact subset of G there 
exists tK & G \ KSz such that tx ■ z E Vn- So there exists tn "* G G \ KnSz = G \ Kntn^ Sz 
such that tn^ ■ z G Vn- Proceeding inductively we obtain tn\tn^ . . . , tn^ such that 

ti^)-zGK and ti^)GG\(uC|ir„tW5,) 

for 2<j<k. 

Since {Vn)n>i is a decreasing sequence of basic open neighbourhoods of z, tn^ ■ z ^ z as 
72 — )■ 00 for 1 < j < k. By way of contradiction, suppose that for some i < j there exists 
a compact subset i^' of G such that tn\tn^)'^Sz meets K frequently. Since {Kn)n>i is an 
increasing sequence of compact subsets of G such that G = U„,>i Int(i^'„) there exists such 
that K C K^. Then there exsist uq > N such that tn^{tnl)^^Sz meets Kno- But this implies 
that tno £ Kn^tnlSz bccausc Sz is normal, contradicting the construction of the sequence 
(tn^). Thus z,z,z, . . . converges /c-times in X/G to z. 

(I2D =^ ©. Suppose that ([2]) holds. Let V be an open neighbourhood of z and M > 0. 
By the continuity of the action on the locally compact Hausdorff space X, there exists an 
open neighbourhood U of z and a compact neighbourhood of e in G such that K -U G V. 
Then qz{K) is a compact neighbourhood of the identity in G/Sz and we may choose A; G P 
such that kvz{qz{K)) > M. By ([2]) there exist k sequences (tn^)n>i such that tn^ ■ z ^ z as 
n ^ 00 for each I < i < k, and 

tli\t^^^)-^Sz ^ 00 as n ^ 00 il<i<j<k). 

Hence there exists no such that tnl ■zGf/forl<z<fc and tn^{tnl)^^Sz C G \ (K^^K) for 
1 < i < j < fc. Then iTtS ■ ;z C fsT ■ f/ C \/ and hence C qzi<Pz\y)) for 1 < i < k. 

Also g2(i^t2) n qz{KtS) = because Kt^nlSz n /sTt^S^ = unless i = j. Since the measure 
Uz is right-invariant, i/2(g2(0^^(y))) > kvz{,qz{,K)) > M. Since M was arbitrary, ([3]) follows. 

([3]) =^ (jl]). Compact subsets have finite Haar measure, so this is immediate. 

dH) =^ dl])- Suppose that G ■ z is locally closed in X. Then G ■ z is a relatively open subset 
of the locally compact space G ■ z and hence G ■ z is locally compact. Thus {G,G ■ z) is a. 
second-countable, locally compact, Hausdorff transformation group. In particular, it follows 
from fi2\ Theorem 1] that the map ipz '■ G/ Sz ^ G ■ z : sSz ^ s ■ z is a homeomorphism. Let 
U be an open subset of X sue h that U H G ■ z = G ■ z. Let be a compact neighbourhood 
of 2; in X such that N G U. Then A^nG-2; = A^nG-zisa compact subset of G ■ z. Hence 
ipz^{N) is compact in G/Sz- Now ip'^iN) = qz{(t)~^{N)) D qz{(t)~^ {IniN))] this contradicts 
@) with V = Int N. □ 
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Lemma 13.31 is used in Lemma 13.41 and in Theorem 14.41 below. 

Lemma 3.3. Let {G,X) be a second- countable transformation group. Let z E X and let 

{xn)n be a sequence in X such that Sx„ in T,. Suppose that W is a compact subset of 



for r e {G\ WS,) U {lntW)S,. If fi{WS, \ {lntW)S,) = 0, then Xws.„ ^ Xws. almost 
everywhere. 

Proof. The second statement follows immediately from the first. 

Since W is compact both WS^^ and WS^ are closed. We claim that WS^^ — )■ WS^ in the 
Fell topology on the closed subsets of X. First let s e WSz, say s = wt where w E W and 
t E Sz. There exist a subsequence (xm) and t^ E Sx„. such that — )■ t. So wt = s 

and wtm E WSm as required. Second, consider with Sn E WSx„, say s„ = 
and suppose that s„ — )■ s. By compactness there exists a subsequence (w„.) such that 
U!n, w E W. Then = w~^Sn, — > w~^s, and hence w'^s E Sz. Thus s E wSz C WSz as 
required, and WSx„ — )■ WSz in the Fell topology as claimed. 

It follows from WSx„ WSz that Xws^„{s) XwsM = for s G G \ WSz. For if not 
then there exists a subsequence such that s E WS^^ . Set = s and note — )■ s. But 
then s E WSz since M/^S'^^^ — )■ W^S'x, a contradiction. 

Now let s E (IntW)Sz. We first claim that there exists a subsequence (a;„J such that 
XwSa:„.{^) ~^ XwSzi^) = 1- To see this, write s = wt where w E IntW and t E Sz. Then 
there exist E Sx„_ such that — )■ t. Choose a symmetric neighbourhood U of e in G 
such that wU C Int W. Then G eventually, so eventually there exist Ui E U such that 
trii = Uit. Thus s = wt = wu~^tn^ E wU S^ ^ (Int ) S*^^ . . So Xvi/5^^.(s) = 1 eventually, as 
claimed. 

Now suppose s E (IntW^)S'2 and that Xws^S^) 7^ XwSzi.^) = 1- Then there exists a 
subsequence {xn{j)) such that s ^ WSx^^^^ for all j. But applying the argument of the pre- 
ceding paragraph we get a further subsequence (a;n(j(j))) such that s E VTS'^^^^^.^.^j eventually, 
a contradiction. Thus Xws^S^) XwsX^) = 1 for s G (Int W)Sz. □ 

Lemma 3.4. Let {G,X) be a second- countable transformation group. Let z E X, and let 
[xn)n>i be a sequence in X such that Sx„ — )■ 5"^ in S, and Sz and all the Sx„ are normal in 
G. Let W be a compact subset in G. Then limsup^ ^xS'ixA^)) — ^z{qz(W)). 

Proof Since Sx„ Sz, Xws^„{r) -> XwsA^) for r G G \ WSz by Lemma [331 By [231 
Proposition 2.18] or |2H Proposition 11.17] there exists a "cut-down approximate Bruhat 
cross section" b E Gc{G x S): thus 6 > and, for all H E T,, J^b{rt, H) danit) = 1 for 
r G WH. Now 



G. Then 
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f Xws..Ar)b{r,S,Jdfi{r) (using ([23)) (3.1) 
Jg 



< / b{r, SxJ dfi{r) + / Xws.„{r)b{r, S^J dfi{r). 

Let K be the image of supp h under the coordinate projection Gx X G. Since Sx„ Sz, b 
is continuous, and XvK&n l'^) — for r G CyVTS'^, we may apply the Dominating Convergence 
Theorem with dominating functions ||fe||ooX(VK5B)nft: and ||&||ooX(G\iys2)nii: to show that the 
sum of integrals converges to 

/ b{r,Sz)dfj.{r) + = / XH/s.(r)6(r, 5^) <i/i(r). 
JrewS:, Jg 

But ^z) djjiir) equals ^zilziW)) by the calculation above ending at fl3.ip . Thus 

y.M.AW))< I bir,SxJdf^ir)+ [ xw5.„(r)6(r,5.Jrf/i(0^^.feW), 

Jrf^WSz Jr&G\WSz 

and the lemma follows. □ 
We can now extend P, Proposition 4.1] to the non-free case. 

Proposition 3.5. Let (G, X) he a second- countable transformation group. Let z & X with 
G ■ z locally closed in X and Sz compact. Assume that {xn)n>i is a sequence in X such 
that Sx„ — > Sz in S, that S^^ and Sz are normal in G, and that G ■ z is the unique limit 
of {G ■ Xn)n in X/G. Let G P, and .suppose that there exists a basic sequence {Wm)m>i of 
compact neighbourhoods of z with Wm+i C Wm, such that, for each m, 

hminf z/.„(g.„(0-^(l^„))) > (A; - l)z/,(g,(0;i(H^J)). 

n 

Then (x„) converges k-times in X/G to z. 



Proof. Since G ■ 2; is locally closed in X, there is an open subset ?7 of X such that U CiG ■ z = 
G-z. We may assume, without loss of generality, that Wm C U for all m > 1. It then follows 
from [121 Theorem 1], as in the proof of Lemma \^72\ that qz{4>z^(Wm)) is compact in G/Sz 
for all m > 1. Let {Km)m>i be an increasing sequence of compact subsets of G such that 
G = U^>ilnt(ir^). 

Let m > 1. It follows from the regularity of Uz that there exists an open neighbourhood 
Vm of qz{(t>z^iWm)) and > such that 

liminf z^x„(gx„((C„^(W^m)))) > {k - l)z^^(V"m) + e^. 

n 

Since qz{(pz^iWm)) is compact and G/Sz is locally compact, there exists an open precompact 
neighbourhood Am of qz{<Pz^(Wm)) such that Am C Vm- We have 

limjnf z/x„(gx„((0;„^(H^m)))) >{k- l)iyz(AZ) + e„^. (3.2) 

Set Um '■= Iz^i^m), SO that Um is an open neighbourhood of (j)z^{Wm) and is precompact 
since both Am and Sz are compact. 
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We will construct, by induction, a strictly increasing sequence of positive integers {nm)m>i 
such that, for all n > n^, 

^xMxS^msS^^ n Cj(^m))) < ^z{Am) + e^/Zc for all s e and (3.3) 

^.MxA<P~.liWra))) >{k- l)iy.(A:) + e^. (3.4) 

We construct rii by applying [3i Lemma 3.2] to Ki, Wi and Ui to obtain ni such that for every 
n > rii and every s G 0^J(W^i) there exists r G 0~^(iyi) such that KiS r](f)~^{Wi) C ?7ir~^s. 
Then KisS^^ fl 0^^^(W^i) C Uir'^sS^^ and hence 

^^x„(g.„(i^i35.„ n0;„i(iyi))) < z^.„(g.„(f/ir-^s5.J) = z..„(g.„(f/i)) 

because 5*2^,^ is normal and the measures have been chosen to be right invariant. Since 
Sxr, S;, , limsupz/2.„(ga,„([/i)) < i^z{qz{Ui)) < z/^(Ai) by LemmaEil So by increasing rii if 
necessary, (13.31) holds for m = 1. If necessary, we can increase rii again to ensure that fl3.4p 
holds by using (13.21) with m = 1. 

Assuming that we have constructed rii < n2 < ■ ■ ■ < ?^m-l, we apply ^ Lemma 3.2] 
to Km,Wm and Um to obtain > Um-i such that for n > rim and every s G 4>xn{Wm) 
there exists r G 0~^(iyi) such that K^s n 0;;:J(l^m) C f/^r'^s. Then KmsS^^ H 0;;:J(iyrn) C 
Umr~^sSx„- Applying Lemma to Um, we have 

T^xMxn{KmSSx^ n(p'^l{Wm))) < l^xMxn{Um)) < l^xMxn{Um)) < ^ z{qz{U m)) + ^m / k 

eventually. Since qziUm) C Am we can increase rim twice if necessary to obtain first (13. 3p 
and then ([S3D. 

If ni > 1 then, for 1 < n < rii, we set t'£' = e for 1 < i < k. For each n > rii there is a 
unique m such that < n < Um+i- Choose tn ^ G (p^n i'^rn) ■ Using (13. 3 p and (13. 4 p 

^x^iQxMK^rn) \ Kmt^^^Sx^)) > Z/.„(g.„(0-l(H^„)) \ q.A<l>x!:iWm) H i^^t^^.j) 

> (A; - 2)uz(A;) + {k- l)em/k. (3.5) 

So if > 2 we may choose tn ^ such that tn^ G 4>^^{Wm) \ Kmtn^ S^^. 

Next, using the formal relation qx^A \{BU C)) D gx„(A \B)\ qx„{A n C), and (I3l3|) and 
(133]) 

i^x„(g.„(0;J(W^m) \ (i^„^^i'^5.„ U 5.J)) > (A; - 3)z/,(A::) + ik- 2)em/k. 

So if A; > 3 we may choose tn^ G (px^iWm) \ {Kmtn^ Sx„ U Kmtn^ Sx^)- Continuing in this 
way, we obtain tn \ . . . , tn'^ G 4>xl(^m) such that, for 1 < j < A; 

G 0-^(w^^) \ iyj^lKmt^^^Sx^). 

Note that for <n< nm+i we have 

t^^) ■ x„ G VT^ for 1 < z < A; and t^f ^ ^ Km4^Sx^ for 1 < i < j < k. 

Now we will show that Xn converges A;-times in X/G to z. To see that tn^ ■ x„ — )■ 2; as 
n — )■ 00 for 1 < i < A;, fix i and let be a neighbourhood of z. There exists tuq such that 
Wm C V for all m > rriQ. For each n > Umg there exists m > mo such that Um < n < Um+i, 
and thus tn^ ■ x„ G H^m C l^. Thus ti*'' ■ — > 2; as n — )■ 00 for 1 < i < A; as claimed. 
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Finally, fix a compact set K in G. There exists niQ such that K C for all m > mg. 
Then for m > mo, rim < n < rim+i and 1 < i < j < A; we have tn^ ^ K^t^n S^^ = KmS^^tn^ 
and hence tli\t^ri^)-^S^^ cG\K. So for n > n^, and 1 < i < j < A;, tli\tli^)-^S^^ cG\K 
as required. □ 

4. A;- TIMES CONVERGENCE AND LOWER BOUNDS ON MULTIPLICITY 

Throughout this section G is assumed to be abelian. Let k E F. Here we introduce 
induced representations of the crossed product Cq{X) xi G, and consider a sequence (7r„)n of 
induced representations converging to an induced representation vr. We establish sufficient 
conditions which ensure that Mi(7r, (vr„)) > k. The dual action of the character group G on 
Cq{X) X G plays a major role in our approach. 

We start with some background on induced representations. If r G G then "the represen- 
tation Ind^_g^(r|) of Go{X) xi G induced from r| on Sx^ is irreducible by [22l Lemma 4.14]. 
By |22l Proposition 4.2] Ind^5^(r|) is unitarily equivalent to Ind(a;, r) := Mj, x on 
L'^{G/Sx, u^), where 

iM,{mm = fis-x)m and (V;(t)0(i) = r(t)er^-i) 

for / G Co(X) and ^ e ^^(G/S'^). 

Let X, ?/ G X and T,a E G. Write (x, r) ~ {y, a) if and only ii G ■ x = G ■ y and r|5^ = <7\s^. 
Then ~ is an equivalence relation. Since G is abelian. Theorem 5.3 of [22] implies that the 
map (x, r) ker Ind(x, r) induces a homeomorphism of (X x G)/ ~ onto the primitive 
ideal space of Go(X) x G. The proof of [22l Theorem 5.3] also shows that the quotient map 
X X G — )■ (X X G)/~ is open. 

Let a be the dual action of G on Go(X) x G, that is, 

ar{b){s) = T{s)b{s) for b G G,(G, Go(X)) and r G G. 

An easy calculation shows that Ind(x, r) = Ind(x, 1) o [TB], Lemma 5.5]. The next 
two lemmas will be needed for the proof of Proposition 14.31 where we will show that if 
Ind(x„,r„) — )■ Ind(z,r) then M2,(Ind(2;, r), (Ind(x„, r„))) does not depend on (r„) or r. 

Lemma 4.1. Let (G, X) be a second- countable transformation group with G abelian. Suppose 
that a net (Ind(xA, TA))AeA converges to Ind(2;,r) in the spectrum of Cq{X) x G. Then 
there exists a subnet (Ind(xA(7), TA(^)))^er ^^'^ ^ '^^^ (^7)7Gr if^ G such that ^ r in G, 
Ind(xA(7), rA(^)) — Ii^d(xA(7), (T^) ^'^^ 

Mi(Ind(2:, r), (Ind(xA, Ta))) = Mi(Ind(2;, r), (Ind(xA(^), a^))). 
Proof. By [5l Proposition 2.3] there exists a subnet (Ind(xA(5), TA(5))5gA such that 
ML(Ind(z, r), (Ind(xA, ta))) = Mu{hi(l{z,T), (Ind(xA(5), rA(5)))) 

= Mi(Ind(2;, r), (Ind(xA(5), rA(5)))). (4.1) 

Since the quotient map X x G — )■ (X x G)/ ~ is open, there exist a subnet (xa(5(7)) , rA(5(^)))'y6r 
of (xa(5),t-a(5)) and a net (y^,, ci^) in X x G such that {xx{5{'y)),Tx{5{^,))) ~ {y^,cr^) (2, r). 
Then (xA(5(-y)), rA(5(^))) ~ (xa(5(^)) , a^) and so Ind(xA(5(T,)), rA(5(^))) = Ind(xA(5(T,)), a^). ^y 
(14. ip . passing to the subnet (Ind(xA(5(7)), TA(5(-y)))) ^'^^^ iiot change the relative Ml. □ 
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Lemma 4.2. Let {G, X) be a second- countable transformation group with G abelian. Suppose 
that {x\)\(z\ and {t\)x^\ are nets in X and G such that ta — )■ 1. Let z & X and ^ a unit 
vector in L'^{G/Sz) and A; G P. For each X, let {^^*^ : 1 < i < k} be an orthonormal set in 
L^{G/S,). Forl<i<k, 

(ind(x,,i)(-)e?, e?) (ind(^,i)(-)e, (4.2) 

if and only if 

(Ind(x,,r,)(-)e«, (Ind(^,l)(-)e, (4.3) 

Proof. Assume (14. 2 p holds and let h G Cq{X) x G. Let a be the dual action. Since 
Ind(xA,rA)(6) = Ind(a;A,l) od,,(6) and || Ind(xA, 1) (&-«,,(&)) || < ||6-d,,(6)|| ^ 0, (gJD 
holds. Similarly, if (14. 3 p holds then so does (14. 2 p using ||6 — q;^-i(6)|| — ?■ 0. □ 

Recall that if A is a C*-algebra, tt G A and is a net in A, then Ml^h, Q) > ii and only 
if Q converges to vr [5, p. 206]. 

Proposition 4.3. Let {G,X) be a second- countable transformation group with G abelian. 
Suppose that Ind(x„, r„) — )■ Ind(2;, r). Then 

Mi(Ind(z, r), (Ind(x„, r„))) = ML{lnd{z, 1), (Ind(x„, r„r-i))) 

= ML(Ind(2, 1), (Ind(x„, 1)) and 

Muilnd{z, r), (Ind(a;„, r„))) = Mc7(Ind(z, 1), (Ind(x„, r^r"^))) 

= Mc;(Ind(z,l),(Ind(a;„,l))). 

Proof. We have 

Mi(lnd(z, r), ( Ind(x„, r„))) = Mi,(Ind(2;, 1) o a^, (Ind(x„, r„r"^) o a^)). 

Since is an automorphism of Gq{X) x G, we obtain the first equality. 

To show the second equality, fix a pure state associated with Ind(z, 1). Let cr.„ = r„r~^. 
We will use the criterion of ^ Lemma 5.2(ii)] to prove that 

ML{lnd{z, 1), (Ind(x„, a„))) = ML{lnd{z, 1), (Ind(x„, 1)). (4.4) 

First, suppose that ( Ind(2;, 1), (lnd(x„,l)) > k for some A; G P. We will show that 
Mi(lnd(z, 1), ( Ind(a;„, cr„))) > /c as well. Since Ind(x„, 1) — )■ Ind(z, 1) we have k > 1. Let 
fl = (Ind(x„^, cT„^))AeA be any subnet of (Ind(x„, (T„))„. By passing to a further subnet and 
relabeling we may assume that (T„^ — )■ 1 in G (see Lemma [4. ip . 

Consider the subnet Q' := (Ind(a;„^, l))AeA of (Ind(a;„, 1))„. By [6], Lemma 5.2] 
there exists a further subnet (Ind(x„^j^j , l))^gT which has the A;-vector property for 
(f). So by Lemma 14.21 (Ind(a;„^^^j , cr„^j^j))^gT has the fc-vector property as well and 
hence Mi:,( Ind(z, 1), ( Ind(x„, cr„))) > k. It follows that M2,( Ind(2;, 1), ( Ind(x„, o"„))) > 
Mi(lnd(0,l),(lnd(a;„,l)). 

Second, note that Ind(x„,o"„) — )■ Ind(2;, 1). Suppose that Ml( Ind(2;, 1), ( Ind(x„, cr„))) > 
k for some A; > L Let Q = (Ind(x„^, l))AeA be any subnet of (Ind(x„, !))„. Consider 
Q' := (Ind(a;n^, cr„^))AeA; by passing to a further subnet and relabeling we may assume that 
— 1- By ini Lemma 5.2], there exists a subnet (Ind(x„^(^^, (T,i^(^^))^eT of fl' with the 
A;-vector property for 0. So by Lemma W72\ (Ind(x„^^^j, l))^gT has the A;-vector property as 
well and hence Mi(lnd(z, 1), {lnd{xn, 1))) > k. Thus (53]) holds. 
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The proof of the corresponding statement about the upper multiphcities is similar, using 
the criterion of [HI Lemma 5.2 (i)] . □ 

The next theorem is an analogue of [21 Theorem 2.3] and [U Theorem 2.1]. In Corollary 14. 6^ 
we will show that the three hypotheses of Theorem 14.41 can be satisfied under a suitable 
assumption of fc-times convergence. 

Theorem 4.4. Let {G,X) be a second- eountahle transformation group with G ahelian. 
Let A; G P, -2 G X. Let he a sequence in X such that S^^ — )■ S^. Suppose that 

there exists a compact, symmetric neighbourhood W of the identity in G and k sequences 

{tn^)n, {tn^)n, • • • , {tn^)n in G SUch that 

(1) tn^ ■ Xn ^ z for 1 < j < k; 

(2) there exists N such that n> N implies Wtii^S^„ fl Wt^n^ = % for I < i < j < k; 

(3) ^i{WS,\{\ntW)S:)=^. 

//Ind(a;„, r„) — > Ind(2;, r) as n ^ oo then Mi(Ind(z,r), (Ind(x„, r„))) > k. 

Proof. We will prove that ML(Ind(2;, 1), (Ind(x„, 1))) > k\ since G is abelian this suffices by 
Proposition 14.31 

For X G X, let : G — 7- G/Sj; be the quotient map and for s G G set 

Viqz{s)) := i^z{qz{WS,)) Xg^(ws,){qz{s)); 
for n > 1 and 1 < j < A; set 

vi?\q.M) ■■= '^.A<i^Aws,j)''\^^^ws.jiq^Mri^-')). 

Then rj is a unit vector in L'^{G / Sz^i'z)-, and, for each n > 1 and 1 < j < /c, rjn'' is a 
unit vector in L'^{G / Sx^.Vxn)- Note that stn^ ^ G WSx„ and stn"* ^ G WSx„ if and only if 
s G Wt^i^Sx„r\Wt^^^Sx„. But if n > X and ^ 7^ J then Wt'^d^ Sx^nWt^^^ Sx^ = by hypothesis 
(E]), and hence (r/i^'^ , r^i^^) = 0. 

Fix / G Cc{G X X) C Go(X) x G of the form /(s,x) = h{s)g{x) where h G Gc(G) and 
g G Gc(X). We will compute 

v^(f)(/) :=((lnd(x„,l)/)r^(^),r^(^)) 

for 1 < j < k. To simplify the formulas, we write g„ for g^,^, X„ for Xq^(wSa:„) and G„ for 
'^x„(Q'n(W^'S'2:„))~^. We compute using the formulas from [16 j p. 1216]: 

^i^H/) = / ((Ind(x„, l)fWr^^){v)^)dux„{v) 

J G/Sxn 

= G„ / / h{vu~^)g{v ■ Xn)Xn{qn{utli'>-')) d^i{u)Xn{qn{vt'^^'^~^)) dVxM 

JG/Sx^ JG 
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which, via changes of variables s = utn^ ^ and f = qn{vtn^^^) , is 

Jg/s^„ Jg 
Jg/s^„ Jg 

= Cn j g{rtl^^ -Xn) i / h{u) dfi{u) J dv^^{r). 



For each n > 1, 



is the formula for a function which is constant on cosets of Sx^ , and the above calculation 
shows 

^^\f)=cj Fl{r)dvxAr). (4.5) 

Note, for later use, that the F^ are uniformly bounded by ||5'||oo||^||i- 

Since Sx^, — ^ Sz, it follows from Lemma 13.31 and hypothesis ([3]) that Xws^„ Xws^ 
almost everywhere. By the invariance of fi, for each r G G we have XrwSx„ ~^ Xrws^ almost 
everywhere. By hypothesis ([T]) and the continuity of g, for all 1 < j < and r & G, 
g{rtn^ ■ Xn) — > g{r ■ z) as n —¥ oo. Since h G L^{G, jj) it follows that, for all r G G, 



Fli.r) ^ g{r ■ z) h{u)dfi{u) (4.6) 

as n — OO. 

By [231 Proposition 2.18(ii)] or [2U Proposition H. 17(a)] we can choose a "cut-down gen- 
eralised Bruhat approximate cross-section" b G Cc{G x E) such that 



/ h{rt,H)daH{t) = 1 



for r G WH. Thus 



m = Cn Xws.Sr)F^{r)dUx^{r) 



Cn / Xws.A'^)Fl{r) / b{rt, SxJ dax„{t) dux^ir) 

JG/Sx„ •' Sxn 



Cn / / XwSxSrt)Fl{rt)h{rt, Sx„) da^M di^.^r) 

JG/Sx„ Sxn 

Cn [ XwSxAr)F^ir)bir,SxJdfiir) 
Jg 
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using f l2.2p . Similarly, 

= ^^MniWS^:)) = I Xws^S^) I b{rt, da^^t) du^^{r) 

J G I Sxn •' Sx„ 

= / XwSx„irt)b{rt,S^Jda^„{t)du^„{r) = XwSx„ir)b{r,S^Jdfi{r). 

J Gj Sxn Sx 

So we have shown that \E'n^(/) is the product of 

Cn=( f XwSxAr)b{r, S.J df,{r)] (4.7) 



\JG / 

and 

/ XwSxAr)Fiir)bir,S.Jdfiir). (4.8) 
Jg 

An almost identical calculation shows that 

vI/(/):=((lnd(z,l)/)r7,r/) 

is the product of 

C :=( f XwsAr)bir,S,)dfi{r)] (4.9) 

and 



\Jg / 

XwsAr)gir- z)b{r,S,) f h{u) dii{u)\ dii{r). (4.10) 

We have noted above that XwSxr, ~^ Xws^ almost everywhere. Since b is continuous on 
G X S, 6(-, — 7- 6(-, 5*2). So the integrand in (14. 7p converges pointwise almost everywhere 
to the integrand in (14. 9p . and hence C„ converges to C by the Dominated Convergence 
Theorem. (For an L^-dominant, let L be the compact subset of G obtained by projecting the 
support of b and then take ||&||oo^l-) Using (14. 6p . the integrand in (14.80 converges pointwise 
almost everywhere to the integrand in (l4.1Up . and hence it follows from the Dominated 
Convergence Theorem that ^!n\f) — > ^(/) for 1 < j < k. (For an L^-dominant, we may 
take ||fi'||oo||/^'||i||&||oo^L-) Since the linear span of such / is norm-dense in Co{X) x G and the 
"^n^ and have norm one, it follows that \E'n ■* — )■ \E' in the weak*-topology for I < j < k. 

Suppose that (lnd{ex„^, l))AgA is a subnet of (Ind(xn, 1)). Then there exists Aq G A such 
that rix > N whenever A > Aq. So the calculations above give, for each A > Aq, k mutually 
orthogonal pure states . . . , "if^^ associated with Ind(e2;„^, 1) such that lim^ \E'{^ = for 
^ ^ j ^ k. It now follows from P Lemma 5.2(ii)] that ML(lnd(;z, 1), (lnd(x„, 1))) > k. □ 

Before moving to Corollary 14.61 we need to consider the measure-theoretic hypothesis (3) 
in Theorem 14. 4[ 

Lemma 4.5. Let G be a locally compact, ahelian group with Haar measure fi and let S be a 
closed subgroup of G such that S is either countable or compact. Then there exists a compact 
symmetric neighbourhood W of the identity in G such that fj.(WS \ (Int W)S) = 0. 

Proof. We may assume that G = H x W^, for some k > 0, where if is a locally compact 
abelian group containing a compact open subgroup K [3, Theorem 4.2.1]. If A; = 0, we may 
simply take W = K. Assuming that k > 1, let W = K x B where B is the closed unit ball 
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of M^. Then IntW = K x Int B and W \ lntW = K x (5 \ Int B) which has /x-measure zero 
since the Lebesgue measure oi B\ Int B is zero. 

Suppose that S is countable. Then WS \ (Int W)S C{W\ (Int W))S and the right-hand 
side has /i-measure zero by the invariance of /i and the countabihty of S. 

Suppose, instead, that S is compact. Then the image of S under the projection p : G = 
i7 X — )■ is a compact subgroup of and hence is {0}. Thus = T x {0} where T 
is a subgroup of H. Then WS \ {lntW)S = KT x [B \ Inti?) which has /x-measure zero 
because B \ Int B has zero Lebesgue measure. □ 

A more comphcated argument shows that if is a closed subgroup of a second-countable, 
locally compact, abelian group G = H xW^ such that the image p{S) of the projection of S 
into M'^ is closed, then there exists a compact symmetric neighbourhood W of the identity 
in G such that iJ,{WS \ (Int W)S) = 0. We omit the details as we will not use that result 



In several places we assume that Sz is compact (for example in Proposition 13.51 and §[|5] 
and [6]), and so we restrict to this case in the following result. 

Corollary 4.6. Let (G, X) be a second- countable transformation group with G abelian. 
Let z ^ X with Sz compact. Let G P and let (a;„)„ be a sequence in X converging 
k-times in X/G to z such that Sx„ -> Sz- //Ind(x„,r„) — )■ Ind(z, r) as n — )■ cxd then 
Mi(lnd(z,r),(lnd(x„,r„))) >k. 

Proof. Since 5*^ is compact, by Lemma H75l that there exists a compact symmetric neighbour- 
hood W of the identity in G such that ^i{WSz \ (Int W)Sz) = 0. 

By the fc-times convergence there exist k sequences {tn^)n, {tn^)n, ■ ■ ■ , {tn'')n in G such 
that tn^ ■ Xn ^ z as n ^ oo ioT 1 < i < k and tn\tn'')~^ Sx„ — )■ cxd as n — > oo for i 7^ j. 
Since W'^ is compact, there exists G P such that n > N implies inhn^^^Sx^ n W'^ = 0. 
Thus Wtli^Sx^ n Wt^ri^Sx^ = for 1 < i < J < when n> N. The result now follows from 
Theorem □ 

Next we use well-known transformation groups to give examples of transformation groups 
with a sequence Xn ^ z where the stability subgroup at z is not compact (so that Corol- 
lary |1]6] does not apply), but where we can still verify that all the hypotheses of Theorem 14.41 



Examples 4.7. Let (R, be Green's free non-proper transformation group [TT, pp. 95- 
96]: the space F is a closed subset of and consists of countably many orbits, with orbit 
representatives yo = := (0, 0, 0) and y„ = (2~^", 0, 0) for = 1, 2, . . . . The action of R is 
given hj s ■ yo = (0, s, 0) for all s; and for n > 1, 



Green's action is free and each orbit consists of two vertical lines joined by an arc of a helix 
situated on a cylinder of radius n; the action moves ?/„ along the vertical lines at unit speed, 
and along the arc at radial speed. 

Next let (R, C) be the non-free transformation group of [231 Example 5.4]. Here R acts on 
C by fixing the origin, and ii w ^ then r ■ w = e^'^^^'^'^w. The orbits are concentric circles 



here. 



hold. 




if s < n; 

n cos{s — n) , n sin{s — n)) if n < s < n + it; 
)) if s > n + IT. 



14 



ARCHBOLD AND A. AN HUEF 



about the origin and the stabihty subgroups are 

_ J R if w = 0; 
~ \ \w\'L if W7 ^ 0, 

and vary continuously. 

Now we are ready for our examples illustrating the hypotheses of Theorem 14.41 

(1) Let G = M X M act on F x C by (s, r) ■ {y,w) = {s ■ y,r ■ w). Then the stability 
subgroups are 

c _ / {0} X M if w = 0; 
^y,n, - I |Q| ^ 1^1^ if u; ^ 0, 

and vary continuously. Let w„ — )■ in C and consider the sequence x„ = {yn,Wn) — )■ 
(0, 0) in y X C, where yn are the orbit representatives for the action of M on F 
described above. The stability subgroup at (0, 0) is the non-compact group {0} x M. 
We claim that the hypotheses of Theorem 14.41 hold with 

t« = (0, 0), = {2n + TT, 0), and W = [-1, 1] x [-1, 1]. 

First, t^n^ ■ ivn, Wn) = (l/„, ^n) ^ (0, 0) and ■ {yn, Wn) = ((2-2"-i, 0, 0), 0) ^ (0, 0). 
Second, 

W + t^i) + = [-1, 1] X {t + \w,,\Z : t e [-1, 1]} and 

W + tf^ + = [-1 + 2n + TT, 1 + 2n + tt] X {t + |w„|Z : t G [-1, 1]}, 

and hence (Vr+d^^ + 5(j;„,«,„))n(W^+d^^ + 5(y„,^„)) = when n > 1. Third, 1^5(0,0) = 
[-1, 1] X M and (Int iy)5(o,o) = (-1, 1) x M, and hence 1^5(0,0) \ ((Int iy)5(o,o)) has 
measure zero in M x M. So the three hypotheses of Theorem 14.41 hold as claimed. 

(2) Let G = M X M act on Y hy {s,r) ■ y = s ■ y. Then the stability subgroup at y 
is {0} X M, and since the stability subgroups are constant they vary continuously. 
Consider ?/„—)■ in Y. Then, for the same reasons as in (1), the hypotheses of 
Theorem 14.41 hold with 

= (0, 0), = (2n + vr, 0), and W = [-1, 1] x [-1, 1]. 

5. Measure accumulation and upper bounds on multiplicities 

Throughout this section G is assumed to be abelian. Here we use bounds on measure 
accumulation to find upper bounds on Ml^tc, (7r„)) where 7r„ and tt are induced representa- 
tions of Cq{X) X G. Theorem 15.21 has the same hypothesis as Proposition 15. ll but a stronger 
conclusion; in particular its proof uses that Mi(Ind(z, r), (Ind(a;n, Tn))) is finite by Proposi- 
tion 15.11 

Proposition 5.1. Suppose that {G,X) is a second- countable transformation group with G 
abelian. Let z & X and let (x„)„>i be a sequence in X such that Sn„ — > Sz. Assume that 
G ■ z is locally closed in X and that is compact. Let M G M with M > 1, and suppose 
that there exists an open neighbourhood V of z m X such that (p'^iV) is relatively compact 
and 

< Muz{qM;\Vm (5.1) 
frequently. Then Mi(Ind(2;, r), (Ind(x„, r„))) < [M^J for any T,rn G G. 
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Proof. We may assume that Ind(x„,r„) — )■ Ind(2,r), since M2,(Ind(2;, r), (Ind(x„, r„))) = 
otherwise. So by Proposition 14.31 it suffices to show that M2,(Ind(2;, 1), (Ind(x„, 1))) < 
[M^J. Since ML(lnd{z,l), (lnd{xn,l))) < Mi(Ind(2;, 1), (Ind(x„-, 1)) for any subsequence 
(Ind(x„^, 1)), we may assume that fl5.ll) holds for all n. 

Next, we claim that we may, by passing to a further subsequence, assume that Xn — )■ z. 
Note that kerlnd(x„,l) kerlnd(z, 1) in Prim(Co(X) x G). Since Prim(Co(^) x G) is 
homeomorphic to (X x G)/ and since the quotient map X x G ^ {X x G')/~ is open 
Theorem 5.3], there exists a subsequence of 1) and CTj) G X x G such 



that {xn,, 1) ~ iVi, cTi) {z, 1) in X X G. Thus G ■ yi = G ■ Xn, and (Ti\s,^^ = 1- Let (Nk) be 
a decreasing basic sequence of open neighbourhoods of 2; in X. There exists a subsequence 
(l/i^) such that Ui^. G Nk- Since G ■ = G ■ Xn,^ there exists gu & G such that (7^ ■ x^^^ G Nk- 
Hence gk ■ x„.^ — )■ z. By [221 Corollary 4.8] Ind(x„^^,l) and Ind((7fc ■ are unitarily 

equivalent, and by the invariance of the measure we can replace with g^ ■ in f l5.ip . 
So we may assume that — )■ 2 as claimed. 

Now we will adapt the proof of [3^, Theorem 3.1]. Fix e > such that M2(l+e)^ < [M^J + l. 
We will build a function D G Cc{G x X) such that Ind(2;, 1){D* * is a rank-one projection 
and 

tr(Ind(x„, 1){D* * D)) < M'^{1 + ef < [M^J + 1 

eventually. (The function D is similar to the ones used in [161 Proposition 4.5], [221 Propo- 
sition 4.2] and [H", Theorem 3.1].) By the generalised lower semi-continuity result of [H 
Theorem 4.3] we will have 

liminf tr(Ind(x„, 1)(D* * D)) > Mi(Ind(z, 1), (Ind(x„, 1))) tr(Ind(z, 1){D* * D)) 

n 

= Mi(Ind(^,l),(Ind(x„,l))), 



and the theorem will follow. 
Let 6 > such that 



By the regularity of the measure z/^ there exists a compact subset W of G/S^ such that 
W C and 

0<u,{q,{<j);\V)))-6<u,{W). 

Since is compact, there is a compact neighbourhood Wi of contained in the open set 
Qz{4>z^(y)) and a continuous function : G/S^ — )■ [0, 1] such that g is identically one on W 
and is identically zero off the interior of Wi. Then 

Z1 



uM.{<Pziy)))-^<^^iw)< / c^z/.w = 11^11^ 

JG/S: 



and hence 



<1 + ^^<1+ , ? < ^ + (5-2) 



Since is locally closed in X it follows from Theorem 1], applied to the locally compact 
Hausdorff transformation group {G,G ■ z), that (pz '■ G ^ G ■ z induces a homeomorphism 
s H-)- s ■ z of G/Sz onto G ■ z. So there is a continuous function gi : PFi ■ z — )■ [0,1] 
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such that gi{u ■ z) = g{u) for u e W^. Since Wi ■ z is a. compact subset of the locally 
compact Hausdorff space X, it follows from Tietze's Extension Theorem (apphed to the one- 
point compactification of X if necessary) that gi can be extended to a continuous function 
g2 : X ^ [0, 1]. Because Wi ■ z is a, compact subset of the open set V , there exists a compact 
neighbourhood P of Wi ■ z contained in V and a continuous function /i : X ^ [0, 1] such 
that h is identically one onWi- z and is identically zero off the interior of P. Note that h 
has compact support contained in P. We set 

/(x) = h{x)g2{x). 

Then / G Cc{X) with < / < 1 and supp / C supp /i C P C V. Set /^(s) = /(s • z) so that 
f -.G/S.^X. Note that 

/ f{u- zf dv^{u) ^ / hiii ■ zf g2{u ■ zf dv^{u) > / g{uf dy^{u) ^ \\g\\\^ 

(5.3) 

since h is identically one on Wi ■ z and the support of g is contained in Wi. We now set 

F(.) ^(^' 



\\fz\\2,z 

Now F e Cc{X) and F^{s) = F{s ■ x) 7^ implies s G 4>~^{V) by our choice of h. Since 
^z^(^) is relatively compact, supp is compact. Write Fz{s) — F{s ■ z) and note that 

Recall that Sz is compact by assumption. Choose b G Cc{G x X) such that < < 
l/az{Sz) and b is identically l/az{Sz) on the set (supp Fx)^^ (supp F^)"^ x suppF; we may 
obtain that supp b G N x X where N = is a compact subset of G containing Sz- Set 

B{r,x)^F{x)F{r~^ ■x)b{r-\x) and D=hB + B*). 



We have 



(Ind(x,l)(S)0(s)= I B{r,s-x)i{T-^s)dii{T) 
Jg 

= / F(s ■ x)F{r~^s ■ x)b{r~^,s ■ x)^{r~^s) djj,{r) 
Jg 

— F(s-x) / F{u ■ x)b{us~^,s ■ x)^{u) diJ,{u) 
Jg 



F(s-x) / F(u-x) / b{uts ^ , s ■ x) dax{t)^{u) dux{u) 
Jg/s^ 



so that 

(lnd(x,l)(D)^m 



= -F{s ■ x) f F{u-x)( j (b{us ^t,s-x) + b{su ^t,u-x)) dax{t)\ ^{u) duxiu) 
2 Jg/s^ \Js^ ) 



since G is abelian. 
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If F{s-z) and F{u-z) are nonzero then s, m G supp F^, and hence b{uts~^, s-z) + b{stu~^,u- 
z) = 2/az{Sz) for all t G S^. It follows that 

(Ind(z, l)p)O(^) = F{s ■ z) [ F{u ■ z)au) du,{u) = (e, 

Thus Ind(2;, 1)(-D), and hence Ind(z, is the rank-one projection determined by the 

unit vector Fz G L'^{G / Sz.Vz)- 

Recall that we are assuming that (15. ip holds for all n and set En = {s E G : 7^ 0}. 

Then each qx„{En) is open, hence measurable, with 

i^xMAEu)) < < Muz{qz{<f>:\V))) < 00. (5.4) 

Note that Ind(x„, 1)(-D) is a kernel operator with kernel 



Kn{s,u) := ^F{s ■ Xn)F{u ■ Xn) { I {b{us H,s ■ Xn) + b{su ^t,u ■ Xn) da.j,„{t) 

Sxn 



2 



To see that Ind(a;n, 1)(-D) is a Hilbert-Schmidt operator on L'^{G/ S^^), we need to see that 
Kn is in L^{G/Sx„ x G/Sx„). The support of Kn is contained in qx„{En) x qx„{En), which has 
finite measure by (15. 4p . Note that Kn is continuous, hence measurable, since F is continuous 
and b G Cc{G x X). To see that Kn is bounded, set 

T„(s,m):= / {b{us~h,s ■ Xn) + b{su'H,u- Xn))dax,Xt), 



and note that T„ is constant on S*!;^ x S'^^^-cosets. Recall that < 6 < l/az{Sz) and 
that supp 6 C X X where N = N'^ and Sz C N. If ^ X for all t G then 

T(s,'u) = 0. If us^Hq G X for some to G S^;,^ then we may assume that us~^ G N (because 
Tn{s,u) = Tn{tQ^s,u) = T„ (t^ ^ s, ^) ) . Thus 

T„(s,m) < ^^a.„({t G : us-H G iV}) < -^ax„{Sx„ H N^). 
azi^z) aziSz) 

Let ?7 G Cc(G)''" such that r/ is identically one on N"^. It follows from our choice of continuous 
Haar measures on the closed subgroups of G that H 1— >■ J^ri{t) danit) is a continuous 
function on S. Since Sx„ — 5*2 by assumption, there exists uq such that, for n > uq, 

T„(s,m)<^— / r]it)dax„{t)<^— [ r7(t)rfa,(t)(l + e) = 2(l + e). (5.5) 

Hence < Kn{s, u) < \\F\\1^{1 + e) when n > uq. 

Let n > hq. Then Ind(a;„, 1)(D) is the self-adjoint Hilbert-Schmidt operator with kernel 
Kn- It follows that Ind(a;„, 1){D* * D) is a trace-class operator with 

tr{Ind{xnA){D* * D)) = WKnWlx^ 

(see, for example, [HI Proposition 3.4.16]). To estimate the trace we note, using (15. 4p and 
(E3]), that 

G/Sx„ \\jz\\2,z \\9\\2,z 
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An application of Fubini's Theorem gives 



tT{lnd{xn,l){D* * D)) 




(5.7) 



J G I Sxn ^ G / Sx. 



<[ [ F{s-XnfF{u-Xnf{l + efdvx„{s)dv^M (using dLSD) 



J G I Sxfi ^ G j Sx. 



= {l + ef( [ F{s ■ Xnf dux„{s) 



Jg 





<M^{l + eY (using (El). 



Finally, 



Mi(Ind(2, 1), (Ind(x„, 1))) < liminf tr(Ind(x„, 1){D* * D)) < M'^{1 + e)^ < [M^J + 1, 



Theorem 5.2. Suppose that {G,X) is a second- countable transformation group with G 
ahelian. Let z E X and let {xn)n>i be a sequence in X such that Sx„ Sz- Assume 
that G ■ z is locally closed in X and that Sz is compact. Let M e M with M > 1, and suppose 
that there exists an open neighbourhood V of z in X such that (p'^iV) is relatively compact 
and 



frequently. Then Mi(Ind(z, r), (Ind(a;„, r„))) < [MJ for any T,Tn G G. 

Proof. As in the proof of Theorem 15. 11 it suffices to prove Mi(Ind(z, 1), (Ind(x„, 1))) < [MJ 
where — )■ z and (15.81) holds for all n. Next, we claim that we may as well assume that 
G ■ z is the unique limit of {G ■ x„) in X/G. 

Since Mi(Ind(2;, 1), (Ind(x„, 1))) < [M^J < oo by Theorem 15. {Ind(z, 1)} is open in 
the set of limits of (Ind(x„, 1))„ [31 Proposition 3.4]. So there is an open neighbourhood 
U of Ind(z, 1) in the spectrum of Cq{X) xi G such that Ind(2;, 1) is the unique limit of 
(Ind(a:n, l))n in U. The map Ind : X — >■ (Co(X) xi G)^, x i-)- Ind(x, 1) is continuous and 
factors through the Tg-isation of X/G |22l Lemma 4.10]. Hence Y := Ind~^(?7) is an open 
G-invariant neighbourhood of 2; in X. Note that x„ G 1^ eventually, and that x & Y implies 
4>x^iV) = (t>x^iV n Y). Now we argue as in [21 Proof of Theorem 3.5] that if G ■ Xn ^ G ■ y 
for some y eY, then G ■ y = G ■ z since G ■ z is locally closed. Since Gq{Y) xi G is an ideal 
in Cq{X) X G, we may compute multiplicities in the ideal instead [Bl Proposition 5.3], so we 
may replace X by y and assume that G ■ z is the unique limit of G ■ x„ in X/ G, as claimed. 

Fix e > such that M{1 + e)* < [MJ + 1 and choose 7 > such that 



n 



and hence ML(Ind(2, 1), (Ind(x„, 1))) < [M^J. 



□ 



^^M.srxliy))) < Muziqzi{<p:\vm 



(5.8) 



7 < 



eMq.{<Pz\V))) 
1 + e 



< i^z{q.{{^:\V))). 



(5.9) 
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It follows from the regularity of the measure z/^, as in [21 Proof of Lemma 3.3], that there 
exists an open relatively compact neighbourhood Vi of z such that Vi (ZV and 

(The reason for passing from V to V\ is that we will later apply [3l Lemma 3.2] to the 
compact neighbourhood V\ and, in contrast to what could happen with V ^ we can control 

^z{(lz{^~zWi))) relative to 

Recall that we are assuming that f l5.8p holds for all n. Thus 

< Mv,{qM~\V))) (by mi) 

<M{u-MM'.\v,))) + ^) 

< Mv,{q-X<p-\V,))) + Me{u-M-A<P:\V))) - 7) (by m) 

< Mz/,(g,(0;i(Vi))) + MtuMM'.\V^))) 

= M(l + e)z/,(g,((C'(Vl))) (5.10) 

for all n. Since 

^MM~AVi)WM.{{rAVi))) + i + ]) ^ ^ 7 

as j — )■ 00, there exists 5 > such that 5 < Vz{,(lz{,<t'^^iyi))) and 

^.(g.(0.-HV^i)))(^.fe(0;^(^))) + '^)) ^ ^.(g.(0.-HV^i)))(K0.-H^i)) + 7 + '^)) ^ 
(z..(g.(0-i(^i))) - 5)' Hqz{<P^\V{))) - 5f 

(5.11) 

Next we construct a function F G Cc(-^) with support contained in Vi. By the regularity 
of the measure z/^ there exists a compact subset of the open set qz{(t)~^ {Vi)) such that 
< '^z(q'z(0^^(^i))) — 5 < VziW). Since 1^ is compact, there is a compact neighbourhood 
Wi of contained in qzift^^^ (Yi)) and a continuous function g : G/Sz — )■ [0, 1] such that g 
is identically one on W and is identically zero off the interior of Wi. Then 

Uz{qzi<P;\V,))) - 5 < Uz{W) < [ giifduz{i) = \\g\\l,. (5.12) 

JG/S:, 

We now construct gi, g2, P, h, f and F as in the proof of Proposition 15. 1^ but we note 
that this time supp/ C supp h C P C Vi. So if F^^s) = F{s ■ x) 7^ then s G 0~^(Vi). As 
before 

WhWlz > Mh (5.13) 

and ||F;,||2,^ = 1- 

Let K be an open relatively compact symmetric neighbourhood of (supp F2)S'^(supp Fz)~^ 
in G and L an open relatively compact neighbourhood of supp F in X. Choose b & Cc{Gx X) 
such that < 6 < l/az{Sz), b is identically l/az{Sz) on the set (supp Fj;)^'^ (supp F;^)^^ x 
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supp F and h is identically zero off x L. (Thus h is as in Theorem 15 .11 but we have rounded 
it off with an open set.) Set 

B{r,x) = F{x)F{r-^ ■ x)h{r-^,x) and D = ]^{B ^ B*). 

Again, Ind(z, 1)(-D), and hence Ind(;2, 1){D* * D), is the rank-one projection determined 
by the unit vector Fz G L'^iG / Sz^v). From (15 .Tp there exists no such that 

tr(Ind(x„,l)(D**D)) = ^ I Fis-XnfH F{u ■ XnfT n{s,ufdvz{u)) duz^is) 



where 



T„(s,m) := / {h{us H,s ■ Xn) + b{su m ■ x^)) (iax„(t) < 2(1 + e) 

when n > Uq. For fixed s G G, F{u ■ a;„)T„(s,M) 7^ implies that u G (p^^iVi) and Ms~"'^t = 
uts~^ G -fC for some t G 5'x„ because 6 is identically zero oS K x L. So m G 0^J(Vi) H KsSx„- 
Thus if n > no, 



tr(Ind(x„, !)(/}* 



<{l + ef I F{s-Xnf\ I F{u-XnfdvxM\dyxAs) 

\\jz\\2,z 'Jseq,„{<l>-^{Vi)) \Jueg.„{4,-^{Vi)nKsS^„) 

By the regularity of z/^ there exists an open neighbourhood U of ^^(^^^(Vi)) such that 
z/2([/) < //^(^^(^"^(Vi))) + 5/2. Since qz{4>z^(yi)) is compact, it has an open relatively 
compact neighbourhood A such that A G U. By pi, Lemma 3.2], applied with Vi, K and 
qz^{A), there exists rii > uq such that, for every n > ni and every s G 0:^„^(^i) there exists 
r G 0;i(T^) with Ks n 0;J(l4) C g;i(A)r-is. Hence KsS,^ H 0;J(T^) C q-\A)r-\sSx„. 
Since z/^;^ is right-invariant we have 

Since A and Sz are both compact, q~^{A) is compact, and by Lemma WM there exists n2 > n,i 
such that n > n2 implies that 



^.MAq;\A))) < Uziq.iq;\A))) + 5/2 < z/,(g,(0;^(l^i))) + 5. 



(l + e)V,„(g,.„(< 








ll/.llt 






ii/.iit 




M(l + e)3z/,(g,(, 


11^111,2 
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So, provided n > n2, 

tr(Ind(x„, !)(£>**£')) < 

< rj-^ using dS.lOp 

\\jz\\2,z 

^ M(l + 6)^^.fe(0;Hyi))) {u,{q,{<p-\V,))) + 5) . 
< II ... using 05.13P 

^ M(l + efu,{q,i<p-\V^))) {uM<P~\Vi))) + 5) . 
- ^ ^ fA^u^/\\\ JV2 ^si^S (^5.12 

<M(l + e)^ using ([EII]). 

By generalised lower semi-continuity [3 Theorem 4.3] 

liminf tr(Ind(a;„, 1){D* * D)) > Mi(Ind(z, 1), (Ind(x„, 1))) tr(Ind(z, 1){D* * D)) 

n 

= Mi(Ind(z,l),(Ind(x„,l))). 

We now have 

ML(Ind(z, 1), (Ind(x„, 1))) < liminf tr(Ind(x„, 1){D* * D)) < M(l + e)^ < [M\ + 1, 

n 

and hence ML(Ind(z, 1), (Ind(x„, 1))) < L^^J . □ 

6. The main theorem 

In this section we combine the results from §§4H5]to obtain our main theorem. 

Theorem 6.1. Suppose that {G,X) is a second- countable transformation group with G 
abelian. Let z E X and let (x„,)n>i be a sequence in X such that Sx„ — )■ Sz in T,. As- 
sume that G ■ z is locally closed in X and that Sz is compact. Let G P. Then the following 
are equivalent: 

(1) the sequence {xn)n converges k-times in X/G to z; 

(2) Mi(Ind(^,l),(Ind(a;,,l))) > A;; 

(3) there exist Tn,T E G such that M2,(Ind(z, r), (Ind(a;„, r„))) > k; 

(4) there exists r„,r G G such that (Ind(x„,r„)) — )■ Ind(z,r), and whenever an,o- G G 
such that (Ind(a;„, cr„)) — )■ Ind(2;, cr), M2,(Ind(2;, a), (Ind(a;„, cr„))) > k; 

(5) for every open neighbourhood V of z such that (p'^iV) is relatively compact we have 

hminf > kMM<l>^\V))y, 

n 

(6) there exists a real number R > k — 1 such that for every open neighbourhood V of z 
with (f)~^{V) relatively compact we have 

hminf > RMq.i<l^-\V))y, 

n 

(7) there exists a decreasing sequence of basic compact neighbourhoods {Wm)m>i of z such 
that, for each m > 1, 

hminf > {k-l)uziqzi<t>^\W„.))). 
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We show that ([Tll^P^P^Q^P^Q^P^O^W-The 
reason for going from to (jS]) via ([2]) is that ©-(jl]) are very similar and ([2]) is the least 
complicated to work with. 

Proof. ([1]) =^ ([2j). Assume the sequence {xn)n converges Aj-times in X/G to z. Then 
G ■ Xn ^ G ■ z, and hence Ind(a;„, 1) — )■ Ind(^, 1). Now Mi;,(Ind(z, 1), (Ind(a;„, 1))) > A; by 
Corollary 14.61 

([2]) ^ ([3D. Take r„ = r = 1. 

([3]) ^ (gj). Assume Since Mi(Ind(z,r), (Ind(x„, r„))) > 0, (Ind(x„,r„)) Ind(;z,r). 
Suppose (T„,(T G G such that (Ind(a;„, cr„)) — )• Ind(z, cr). By two apphcations of Proposi- 
tion's] we have 

ML{lnd{z, a), (Ind(a;„, (T„))) = ML{lnd{z, 1), (Ind(x„, 1))) 

= ML(Ind(z,r),(Ind(x„,T„))) > k, 

so (g]) holds. 

(jlj) =^ (E]). Assume (jl]). Let r, r„ G G such that (Ind(x„,r„)) — )■ Ind(2,r) and 
Mi(Ind(;z,r), (Ind(x„,r„))) > k. Then Mi(Ind(z, 1), (Ind(x„, 1))) > /c by Proposition |01 
giving 

^ Assume ([2]), that is, ML(Ind(2, 1), (Ind(x„, 1))) > k. Let e > 0. Then 
ML{lnd{z, 1), (Ind(x„, 1))) > [A; — ej. By Theorem 15. 2[ for every open neighbourhood V of 
z such that 0~^(V") is relatively compact, 

i^^MM^'iv))) > {k-t)vMr^\v))) 

eventually. Thus ([5]) holds, 
p ^ (p. Take i? = A;. 

For ([6j) (j?!) we need the following lemma concerning accumulation of measure. 

Lemma 6.2. Suppose that {G,X) is a transformation group. Let z & X and {xn)n>i be a 
sequence in X . Assume that G ■ z is locally closed in X and that Sz is compact. Let A; G P, 
and assume that there exists a real number R> k — 1 such that for every open neighbourhood 
U of z with (j)~^{U) relatively compact we have 

hminf > i?z/,(g,(0;i(f/))). 

n 

Then given an open neighbourhood V of z such that (p^^iV) is relatively compact, there exists 
a compact neighbourhood N of z with N G V such that 

lim^inf z..„(g.„(C„i(iV))) > (A: - l)z.,(g,(C'(iV))). 

Proof Fix < 7 < { ^~l^'^^ )i^z(,qz{4>z^ (V)) . By the regularity of z/^, as in [3, Proof of 
Lemma 3.3], there exists an open relatively compact neighbourhood Vi of z with Vi G V 
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and Uzi^qzifpz^i^))) — 1 < ^zi.lzi.'t'^^iyi)))- Since 0~-^(Vi) is relatively compact we have 
liminf z/,(g,.„(0,-i(Fi))) > liminf z/.„fe„ (0-^(^0)) 

n n 

> Ruzigzicp'^^iVi))) by hypothesis 

> R{Mq,{<P;\V))) - ^) 

> [k — l)uz{(lz{4>^^{V))) by our choice of 7 
>{k-l)vz{qM';\V,))). 

So we may take N = Vi. □ 
We now continue with the proof of Theorem 16.11 

© =^ (jZl)- Assume ([6]) . Let (^•)j>i be a decreasing sequence of basic open neigh- 
bourhoods of z such that is relatively compact (such neighbourhoods exist by [3], 
Lemma 2.1]). By Lemma 16.21 there exists a compact neighbourhood Wi of z such that 
Wi C Vi and 

n 

Now assume there are compact neighbourhoods Wi, W2, ■ ■ ■ , Wm of z with Wi D W2 D ■ ■ ■ D 
Wm such that 

C and hminf j..„(g.„(Cj(W^.))) > " l)z^.fe((C'(W^.))) (6-1) 

for 1 < 2 < m. Apply Lemma 16.21 to (Int Wm) H Kn+i to obtain a compact neighbourhood 
Wm+i of -2 such that W^+i C (Int PVm) fl V^+i and (16.11) holds for i = m + 1. This gives ([7j). 

([7]) ^ ([1]). Assume dH). We show first that G ■ x„ ^ G ■ ;z in X/G. Let g : X ^ X/G 
be the quotient map. Let f/ be a neighbourhood of G ■ 2; in X/G and = q~^{U). There 
exists m such that Wm C V. Since liminin i^x„{qx„{(px^iWm))) > there exists no such that 
(/)~^^(VFm) 7^ for > riQ. Thus, for n > Uq, 

G-Xn = q{Xn) e q{Wm) C g(V^) = U. 

Next, suppose that M2,(Ind(z, 1), (Ind(a;„, 1))) < 00. Then, as in the proof of Theorem 15. 21 
we may localise to an open G-invariant neighbourhood Y of z such that G ■ z is the unique 
limit in Y/G of the sequence (G ■ Xn)n- Eventually Wm C Y, and so the sequence {xn)n 
converges /c-times in Y/G to z by Proposition 13.51 applied to Y. But now (x„)„ converges 
/c-times in X/G to z as well. 

Finally, suppose that ML(Ind(z, 1), (Ind(x„, 1))) = 00. By Theorem 15. 2[ for every open 
neighbourhood V of z such that (j)~^(y) is relatively compact, I'xnilxni^Pxni^))) —> 00 as 
n — )■ 00. Let {Km)m>i be an increasing sequence of compact subsets of G such that G = 
Um>i Int(ii'm) and let (Kn)m.>i be a decreasing sequence of open, basic neighbourhoods of z 
such that (j)~^{Vi) is relatively compact (such neighbourhoods exist by |31 Lemma 2.1]). 

For fixed m, 

'^xAqxA<l^xliyn.))) >{k- l)Uz{qz{Km))) + l>{k- l)UxAqxAKm)) 

eventually by Lemma 13.41 So there exists a strictly increasing sequence of positive integers 
Urn such that, for n > Um, 

^.Aq^MxliVm))) >{k- l)UxMMxliKm))) (6.2) 
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If 77-1 > 1, then for 1 < n < ni, we set tn = e for 1 < i < k. For each n > rii, there is a 
unique m such that rim < ""-m+i- Choose tn^ E 0~J(V^). Using fl6.2p we have 

> {k- l)z^x„(gx„(i^m)) - VxAq-xAKm)) 

= {k-2)u,Sq,SKm)). 

So if A; > 2 we may choose t^f'* G 0i^J(Kn) \ Kmtn^ S^^. Continuing in this way, we obtain 

tl^\ . . . , e 0-J(Kn), such that, for 1< j < k, tH^ e 0;J(Kn) \ (uCi^m^n^^^J- Thus, 
for rim < n < n^+i we have 

ti^) -XneVrnioi l<i<k and t^/^ ^ K^ifS^^ ioi l<i < ] <k. 

Therefore, arguing as in Proposition 13.51 (with Wm replaced by Vm) we obtain that {xn)n 
converges /c-times in X/ G to z. □ 
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